


link of the active state, W(n). One additional
assumption, also made by Church and Gibbon
(1982), is that, on some trials, the animal�s
decision is not controlled by the signal. During
these trials, the animal responds with some
unconditional probability C. Hence, two fac-
tors determine behavior: If the animal did not
pay attention to the sample (probability 1� p),
it responds with probability C; if it did pay
attention (probability p), it responds with the
probability specified by the model, W(n).
Thus, the overall probability of a response at
the end of a t-s signal equals

P R t�� �~ 1 { p� �| C z p | W n� �,

where n is the active state at the end of the
signal. In the Appendix, we derive the steady
state distributions of W(n) and P(R|t).

Figure 12 summarizes the model�s predic-
tions for the temporal generalization task. To
isolate the effect of the timing parameters,
only the attention parameter, p and the

unconditional response probability parameter,
C, were allowed to vary across panels. The
others were fixed at the values m� 1, s� 0.2,
a� 0.01 and b� 0.1. Notice that the free
parameters p and C do not produce any
temporal modulation; hence, in all panels,
the effect of sample duration is mediated
exclusively by W(n). In addition, because in
each panel the two free parameters have the
same value, the differences between the curves
in the panel do not depend on them.

In panels A and D, the 4-s signal was
reinforced with probability 1, the signals were
spaced linearly or logarithmically, and over a
shorter (A) or longer (D) range of durations.
The curves show that the typical generalization
gradient, with a maximum at 4 s, does not
change appreciably with either the stimulus
spacing or range (cf. Church & Gibbon, 1982,
Experiments 1 and 2). In panels B and E, the
reinforced signal varied across conditions (2,
4, or 8 s). The model predicts that the location
of the maximum and the breadth of the
gradient increase with the reinforced duration
(B). In addition, it also predicts that the
gradients obtained with different reinforced
durations roughly overlap when plotted in
relative time (E; cf. Church & Gibbon,
Experiment 3). In panel C, the 4-s signal was
reinforced either with probability 1 or 0.25
while the other signals were never reinforced.
The model predicts that reducing the proba-
bility of reinforcement following the target
signal decreases the height of the gradient (cf.
Church & Gibbon, Experiment 4). Finally, in
panel F, the 4-s reinforced signal occurred on
either 50 or 25 percent of the trials. The model
predicts that reducing the probability of
presenting the target signal also decreases
the height of the gradient (cf. Church &
Gibbon, Experiment 5). We conclude that the
new model accounts well for the major
findings reported by Church and Gibbon
(1982) concerning temporal generalization.

IV. CONCLUSION

The area of timing has witnessed a signifi-
cant increase in the number of theoretical
models. They differ in approach, domain of
application, and generality. Variation in mod-
els is probably necessary to explore the
theoretical domain of timing. But for knowl-
edge to accumulate, variation in models must

Fig. 12. Model predictions for the temporal general-
ization task (see Eq. 22 in the Appendix). Top panels:
Generalization gradients when the reinforced signal was 4-
s long and the nonreinforced signals were spaced linearly
or logarithmically for a shorter (A) or longer (D) range.
Middle panels: the reinforced signal was 2-, 4-, or 8-s long;
the right panel shows the scalar property. Bottom left
panel: effect of changing the reinforcement probability
following the 4-s, target signal. Bottom right panel: effect
of changing the probability of presenting the 4-s, target
signal on each trial.
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be followed by selection of models and model
ideas. To that end, researchers may examine
the successes and failures of each model and
then attempt to identify the elements that
deserve the credit for the former and the
blame for the latter. They may also design
experiments that by capitalizing on the differ-
ences between the models subject them to
science�s Supreme Court, the empirical test.
Conceptual and mathematical analyses, on the
one hand, and empirical research findings, on
the other hand, are two complementary means
of choosing among models and model ideas
(Machado & Silva, 2007). Through variation
and selection our models evolve and, we hope,
come to depict reality a bit more accurately
than before.

In this paper, we have engaged in some
variation and selection concerning timing
models. We analyzed two contemporary mod-
els, SET and LeT, identified the similarities
and classified the differences between them,
summarized experiments that have started to
explore some of these differences and, in
some cases, to put them to empirical test. Our
conceptual analyses and the empirical findings
we reviewed exposed some of the strengths
and weaknesses of each model. To put these
strengths and weaknesses into perspective, we
review them in the light of seven challenges
that any model or theory of timing must face.
The first three were proposed by Church and
Broadbent (1990):

1. ��The first fact that any theory� must
account for is the smooth peak function in
which the mean probability of a response
gradually increases to a maximum near the
time of reinforcement and then decreases
in a slightly asymmetrical fashion.�� (p. 58).
This challenge applies not only to the peak
procedure, but also to the temporal
generalization procedure.

2. ��The second fact that any theory� must
account for is that performance on indi-
vidual trials, unlike the mean function, is
characterized by an abrupt change from a
state of low responding to a state of high
responding and finally another state of low
responding.�� (p. 58). These abrupt chang-
es in responding occur also in FI and
mixed-FI schedules.

3. ��The third fact that any theory� must
account for is that the mean functions are

very similar with time shown as a propor-
tion of the time of reinforcement.�� (p.
58). Perhaps the greatest constraint for any
timing model, the scalar property is gen-
erally observed in the concurrent and
retrospective timing tasks reviewed above.

The next four challenges are intimately
related to temporal learning and memory:

4. Based on the double bisection experi-
ments we suggest that temporal memories
are context dependent. Hence, a 4-s
interval seems longer when discriminated
from a shorter interval than from a longer
interval.

5. Based on the FOPP experiments we
suggest that temporal memories register
not only the various moments of rein-
forcement but also how often reinforcers
occur at those various moments.

6. Based on the mixed-FI experiments we
suggest that temporal memories are not
collapsed into stores or bins but remain
separate, distributed, and indexed by time
itself. Temporal generalization notwith-
standing, the animal knows, as it were,
what happens at different moments since
a time marker.

7. Any theory of timing must account for the
fact that whereas responding ceases short-
ly after the reinforcement time in the
peak procedure, it continues for a long
interval if the reinforcer is omitted fol-
lowing FI training.

SET meets reasonably well the first three,
but not the last four challenges. Its strengths
are its ability to deal with the scalar property
and with the stochastic and nonlinear prop-
erties of responding in time-based reinforce-
ment schedules. Its weaknesses seem to be its
assumptions concerning memories, their
contents, and how they are formed and
accessed. In its turn, LeT meets reasonably
well challenges 1, 4, 5, and 6, has difficulties
handling the scalar property (3), and simply
does not deal with the stochastic and
nonlinear structure of time-based perfor-
mance (2). Neither model meets convincing-
ly challenge 7.

We have proposed a hybrid model that
may be less in error than its two predeces-
sors. By inheriting the pacemaker�accumula-
tor unit from SET and the learning rules
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from LeT, the hybrid model meets all seven
challenges, at least partly. It deals with the
stochastic and nonlinear properties of re-
sponding in time-based schedules; it gener-
ates temporal generalization gradients that
peak around the time of reinforcement; it
obeys the scalar property; its temporal mem-
ories are context sensitive, two-dimensional,
and accessed serially. And it meets the last
challenge because it assumes that, in time-
based schedules, animals respond by default
and learn to stop responding at time t when
they experience extinction at time t.

But problems remain. The new model
generates asymmetric curves in the peak
procedure; in mixed-FI schedules, the re-
sponse rate at the first peak is equal to or
lower than the response rate at the second
peak, but never higher; and in temporal
bisection tasks with large ratios (e.g., 16), the
PSE is close to the harmonic mean of the Long
and Short durations. Although each of these
results has been observed occasionally, the
model lacks flexibility to account for the
different results obtained in other studies
(e.g., Whitaker et al. 2003, 2008). At this time
we do not know whether additional assump-
tions may correct these problems (e.g., adding
sources of Poisson and constant variance to
the state dynamics; or making arousal decay
between reinforcers). Another cycle of varia-
tion and selection is needed.

In summary, SET has contributed to our
understanding of timing by revealing the
widespread presence of the scalar property
and by providing a simple, intuitive means of
understanding it, the clock metaphor (Church,
1984, 2003; Lejeune et al., 2006; Gibbon, 1991).
Judging by the number of studies that have used
the model, whether to investigate animal or
human timing, and from a behavioral or
neurobiological perspective, its influence has
been enormous (see Allan, 1998). LeT has
contributed to our understanding of timing by
questioning the memory architecture postulat-
ed by SET and, following earlier work by Killeen
and Fetterman (1988), by suggesting an explicit
hypothesis concerning how animals might learn
to time. More to the point, LeT has called our
attention to memory structure in timing.
Perhaps then a hybrid between the two models
will preserve their strengths and eliminate their
weaknesses. We have proposed one. It remains
to be seen whether the new model will confirm

the well known fact that most interspecies
hybrids are sterile or the equally well known
fact that most intraspecies hybrids have in-
creased vigor. Time will tell.
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Next, we approximate the value of n* by its expected value, E[n*] � mT, and take expectations
again to obtain,

E W n,mz1� �� 	~bp(n,T )z 1{bp(n,T ){
a

mT
q(n,T )

	 

E W n,m� �� 	

The solution of this difference equation is

E W n,m� �� 	~c1 n,T� � 1{ c2 n,T� �� 	m

1{c2 n,T� � z c2 n,T� �� 	mW0 �7�

with
c1 n,T� �~bp n,T� �

c2 n,T� �~1{bp n,T� �{ a
mT

q n,T� �:

Equation (7) was used to fit the simulation data in panel A of Figure 8.
At the steady state, and dropping the expectation symbol to ease the notation, we obtain

W? n� �~ c1 n,T� �
1{c2 n,T� �~

bp n,T� �
bp n,T� �z a

mT q n,T� � �8�

Scalar property.To stress the fact that W� (n) depends on T, we write it as W� (n,T). The
function W� (n,T) shows the scalar property because

W? kn,kT� �~ bp kn,kT� �
bp kn,kT� �z a

mkT q kn,kT� �~W? n,T� �

where we have used Equation (5) and the fact that, for any integer k, q(kn, kT) � q(n,T).
R(t). Responses occur when the active state has strength above the threshold, that is, when W(n)

� H. This inequality has no explicit solution for n. Hence, to predict the average response rate
function, we determine, numerically, the first state n for which W(n)� H; call this state n+. The
response probability at time t may be approximated by the probability that state n+ or a subsequent
state is active at time t, that is,

P R(t)~1� �&P qltr§nz� �~P lw

nz{1
t

� �
~1{W

nz{1
t

,m,s
� �

�9�

Equation (9) is plotted in panel D of Figure 8 for four different FIs. The approximation is
reasonable.

Exploratory analyses showed that the R(t) curve is well fitted by a log-normal distribution, but
we have not been able to derive the distribution from the model.

Simulation algorithm.Assuming Dt � 1 s, the following steps would simulate the model:

1. Initialize model parameters and set W(n) � W0 for all n;
2. For each trial,

SET AND LET 453



a. Sample the value of l from a Gaussian distribution with mean m and standard deviation
s;

b. Then, for all t equal to 1, 2,�,T, do

i. Determine the state active at time t: N(t)� �lt�, where the function �x� means the
smallest integer greater than x;

ii. Determine the response at time t. A response occurs if the strength of the active state
at time t (i.e., N(t)), is above threshold. Hence, R(t) � 1 if W(N(t)) � H, and R(t) �
0, otherwise;

c. Determine the reinforced state, n*� N(T) � �lT�;
d. Increase the link strength of the reinforced state: W(n*) R W(n*) + b(1-W(n*));
e. Decrease the link strength of all extinguished states: W(n) R W(n) � (a/n*)W(n), for

all n� n*.
f. Save relevant trial statistics and go to the next trial.

Peak procedure
The peak procedure comprises FI T1-s trials intermixed with T2-s empty trials (T2& T1); the FI

trials occur randomly with probability r1.
W(n). A set of steps similar to those used for the FI schedule (see also Machado, 1997) yields

the approximate solution for W(n). The expected value of W(n, m) equals

E W n,m� �� 	~c1 n,T1,T2� � 1{ c2 n,T1,T2� �� 	m

1{c2 n,T1,T2� � z c2 n,T1,T2� �� 	mW0 �10�

with
c1 n,T1,T2� �~r1bp n,T1� �

c2 n,T1,T2� �~1{r1 bp n,T1� �z a
mT1

q n,T1� �
	 


{ 1{r1� � a
mT2

q n,T2� �zp n,T2� �� 	:

Equation (10) was used to plot the four curves in panel A of Figure 9.
At the steady state,

W? n� �~ r1bp n,T1� �

r1 bp n,T1� �z a
mT1

q n,T1� �
	 


z 1{r1� � a
mT2

q n,T2� �zp n,T2� �� 	
�11�

If r1 � 1, then the peak procedure becomes a simple FI T1 s and Equation (11) reduces to
Equation (8).

Scalar property.To emphasize that W� (n) depends on T1 and T2, we write it as W� (n,T1, T2).
From Equation (11) and after using Equation (5) in both numerator and denominator, we get

W? kn,kT1,kT2� �~ r1bp n,T1� �

r1 bp n,T1� �z a
mT1

q n,T1� �
	 


z 1{r1� � a
mT2

q n,T2� �zp n,T2� �=k� 	

Because q(n,T2)+p(n,T2)/k � q(n,T2) for large n, it follows that
W? kn,kT1,kT2� �&W? n,T1,T2� �
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WR(n) and WG(n).There are two vectors, one for each response. With respect to the steady
state values of WR(n) and WG(n), we could not solve the equations for the general case with a �
0 and b � 0. Therefore, we studied the simpler case a� 0 and b� 0. The end result is similar to
one of the four cases examined by Gibbon (1984; case ��Scalar timing, likelihood ratio��).

When extinction has no effect (a� 0), reinforcement of one response increases the link
connecting the active state to that response and decreases the link connecting the active state to
the competing response. An intuitive argument provides the key to the solution for WR� (n) and
WG� (n). If state n is more likely to be active at the end of the short than the long sample, then it
will become linked with the ��short�� response (i.e., Red)�every choice of Red will be rewarded,
which will strengthen WR(n) and weaken WG(n), which in turn will make it more likely to
choose Red in the future. This positive feedback loop will, on average, drive WR(n) to 1 and
WG(n) to 0. Panel A of Figure 11 illustrates the effect.

The steady state values of the two vectors will be either 0 or 1. The transition will occur
between the last state that is more likely to be active at the end of the Short sample and the first
state that is more likely to be active at the end of the Long sample. That is, the transition is the
solution of the equation

p n,S� �~p n,L� �

which may be approximated by the solution of the equation
1
S

N
n
S

,m,s
� �

~
1
L

N
n
L

,m,s
� �

obtained, once again, using Equation (4) to approximate p(n,T). The solution is

n1~m
2LS
LzS

� �
1
2

z
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1z2

s
m

� �2

ln
L
S

� �
LzS
L{S

� �s0
@

1
A �16�

The bisection point or PSE is therefore approximately equal to

PSE&qn1

m r : �17�

To better understand the solution, we expand the square root in a Taylor series and retain
only its first two terms. After some rearrangement we obtain

n1

m
& HM z

LS
L{S

s
m

� �2

ln
L
S

� � !

where HM is the harmonic mean of S and L. The predicted PSE is greater than the HM; its
deviation from the geometric mean is small for small ratios of L/S (e.g., 4) but increases with
that ratio.

P{‘‘Short’’|T}. Given the 0/1 distribution of the link strengths, the probability of a ��Short��
response following a sample T-s long is the probability that the active state is n � n1. Simulations
showed that a more accurate result is obtained by adding to n1 a small correction factor between
� 1 and 1. That is,

P 

Short

�T� �&
Xn1+e

n~1
p(n,T )~

ð n1+e
T

0
N t,m,s� �dt: �18�

Scalar property.The scalar property states that P(��Short��|T, S, L)), the probability of choosing
��Short�� given a T-s sample in a discrimination task with S and L training samples, equals
P(��Short��|kT, kS, kL)), the probability of choosing ��Short�� given a kT-s sample in a discrimination
task with kS and kL training samples. The scalar property is apparent from Equation (16): If L and S
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W? n� �~
b
2 p n,4� �

b
2 p n,4� �z a

16 p n,T1� �z � � �zp n,T8� �� 	

R(t). At the end of a sample with duration t, the probability that a response occurs, P{R(t) � 1},
is determined as follows: With probability 1� p the animal is not paying attention and therefore
it responds with probability C; with probability p it is paying attention and it responds with a
probability that depends on the link of the active state:

P R(t)~1� �~ 1{p� �Czp
X
n§1

p(n,t)W?(n) �22�

with W� (n) defined by Equation (21). Figure 12 shows plots of Equation (22) for various
experiments from Church and Gibbon�s (1982) study.

Scalar property.Assume that only one sample, T+, is reinforced and it is presented on half of the
trials. The other samples, T1, T2,�,T8, are never reinforced and are equally likely to occur on the
other half of the trials. We introduce the notation W� (n, T+, T) to stress the dependence of
W� (n) on the samples, and we approximate the sum in Equation (22) by an integral, that is,X

n§1
p n,t� �W n,T z,T� �&

ð?

0
p n,t� �W? n,T z,T� �dn,

Then, when all sample stimuli are multiplied by k, we obtain

P R kt�~1�kTz,kT� �~ 1{p� �Czp
ð?

0
p n,kt� �W n,kTz,kT� �dn:

�

We will show that
P R kt� �~1�kTz,kT� �~P R t� �~1�T z,T� � �23�

which is the scalar property. Using Equation (21),ð?

0
p n,kt� �W n,kTz,kT� �dn~

ð?

0

p n,kt� �p n,kTz� �

p n,kTz� �zc
P8
j~1

p n,kTj
� � dn

for some constant c � a/(8b). Then, using Equation (6) we obtainð?

0
p n,kt� �W n,kTz,kT� �dn~

ð?

0

1=k� �p n=k,t� � 1=k� �p n=k,T z� �

1=k� �p n=k,T z� �zc
P8
j~1

1=k� �p n=k,Tj
� � dn

~

ð?

0

p z,t� �p z,T z� �

p z,T z� �zc
P8
j~1

p z,Tj
� � dz z~n=k� �

~

ð?

0
p n,t� �W n,T z,T� �dn�

Equation (23) follows.
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