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The relation between the rate of a response (B) and the rate of its reinforcement (R) is well known to be
approximately hyperbolic: B 5 kR/(R + Ro), where k represents the maximum response rate, and Ro

indicates the rate of reinforcers that will engender a response rate equal to half its maximum value. A
review of data reported in 17 published papers revealed that, under variable-interval schedules of
reinforcement, Ro was usually lower when pigeons were the subjects than when rats were the subjects.
The value of k, in contrast, did not differ consistently between pigeons and rats. Some accounts
interpret Ro as the rate of alternative, unscheduled reinforcers in the situation, expressed in units of the
scheduled reinforcer. So interpreted, the difference in Ro implies that less alternative reinforcement
(relative to the scheduled reinforcement) typically is available to pigeons in their operant conditioning
chambers than it is to rats in theirs. Whether or not that interpretation of Ro is valid, the pigeon–rat
difference in Ro ensures that for reinforcer rates above about 10 per hour, response rate will be
noticeably less sensitive to changes in reinforcer rate (and presumably to changes in other incentive and
motivational operations) with pigeons than with rats as subjects, at least with the experimental
conditions typically employed.

Key words: Herrnstein’s hyperbola, variable-interval schedule, reinforcer effectiveness, response
strength, pigeons, rats

_______________________________________________________________________________

Figure 1 illustrates the phenomena that are
the focus of this paper. Response rate is
plotted as a function of the reinforcer rate
obtained from variable-interval (VI) schedules
of reinforcement. The data come from pre-
viously published studies in which a particular
VI schedule of reinforcement was in effect for
a sufficiently large block of daily sessions to
generate stable performance. Each subject was
exposed to a number of different VI schedules
(i.e., different reinforcer rates) over a sequence
of such blocks. Some of the plots (solid
symbols) show data from individual pigeons
that obtained food reinforcers by pecking a key
(Baum, 1993; Catania & Reynolds, 1968;
Zeiler, 1999); other plots (open symbols) show
data from individual rats that obtained food
reinforcers by pressing a lever (Bradshaw,
Ruddle, & Szabadi, 1981b) or by poking a key
(Shull, Grimes, & Bennett, 2004).

Three features of this set of data stand out.
First, the range of reinforcer rates in these
studies seldom extended below five per hour
and never below one per hour. Second, over
the range of reinforcer rates below about 100
per hour, the response rates were usually
higher for the pigeons than for the rats. And
third, over the range of reinforcer rates
between about 10 per hour and 100 per hour,
the slopes of the plots tended to be less steep
for the pigeons than for the rats. Because the
axes are logarithmic, the slope can be inter-
preted as measuring the sensitivity of response
rate to changes in reinforcer rate (after Baum,
1974)—that is, as measuring the proportional
change in response rate due to a given pro-
portional change in reinforcer rate. In this
sense, the pigeons’ response rates were typi-
cally less sensitive than the rats’ response rates
to changes in reinforcer rates. For example, an
approximately tenfold (i.e., one log unit)
increase in reinforcer rate, from about 10 to
about 100 reinforcers per hour, seldom pro-
duced as much as a twofold increase in
response rate from the pigeons but often
produced more than a sixfold increase from
the rats.

The remainder of this paper focuses on the
difference between pigeons and rats in the
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sensitivity of response rate to reinforcer rate.
First to be considered is the extent to which
this difference, apparent in the limited data
set of Figure 1, also is apparent in a more
extensive data set. Next, sensitivity differences
are interpreted within the framework of
Herrnstein’s (1970) hyperbolic equation re-
lating response and reinforcer rates. Finally,
some implications are considered regarding
the importance of incentive and motivational
variables (i.e., reinforcer effectiveness vari-
ables) as determiners of response rate.

To assess the generality of the effects
apparent in Figure 1, I obtained a larger
sample of data from 17 previously published
studies with pigeons and rats as subjects.
Several considerations guided the selection
of these data. First, I wanted enough data
points from each subject to provide meaning-

ful fits of equations containing two free para-
meters. Thus, with one exception (Zeiler,
1999), I only included data from studies that
arranged at least five different VI schedules for
each subject and only if response and re-
inforcer rates were available for individual
subjects, either from tables or graphs.
Although Zeiler’s study provided just three
data points per pigeon, those data seemed
worth including because of the unusually low
reinforcer rates examined (as low as 1.2 per
hour). Second, I tried to ensure some variety
in the data set in such features as the
laboratory that generated the data, the decade
in which the study was published, and the
response and reinforcer type. Third, I wanted
to ensure that each subject contributed only
one response rate–reinforcer rate relation to
the data set so that no individual subject would

Fig. 1. Response rate plotted as a function of the rate of reinforcers provided by VI schedules of reinforcement. Each
plot represents the data from an individual subject from the study indicated (with data from replications averaged); plots
are shown for all the subjects in the study. Solid symbols indicate data from pigeons; open symbols indicate data from
rats. Note the logarithmic scaling of the axes.
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have its data disproportionately represented.
Some studies (all but one involving rats as
subjects) examined the relation between re-
sponse and reinforcer rates repeatedly with the
same subjects, with factors such as the depri-
vation level or the reinforcer amount varied
between series. For those studies (with the
exception of Petry & Heyman, 1994) I used the
data from only one series—namely, the one for
which the reinforcer was likely to have been
most potent. Thus, for example, if the study
examined the relation between response and
reinforcer rates under two different depriva-
tion levels, I selected the series carried out
under the more severe deprivation level. For
reasons that should become apparent shortly,
this restriction was conservative in the sense of
working against finding a difference between
pigeons and rats. The rats in Petry and
Heyman’s (1994) study experienced the same
series of VI schedules under water deprivation,
with water as the reinforcer, and also under
food deprivation with food (sucrose) as the
reinforcer. It seemed useful to sample data
with both reinforcer types, so the data from
both series were included.

The studies examined the relation between
response and reinforcer rates in two different
ways. In one, each VI schedule was in effect for
a block of consecutive sessions. The different
VI schedules thus occurred over a sequence of
blocks. This method will be called the single-
schedule procedure. In the other method, all or
most of the VI schedules occurred during
every session, with each VI in effect for 5 min
or so and correlated with a particular discrim-
inative stimulus. This method will be called the
multiple-schedule procedure.

Table 1 identifies the 18 data sets from 17
published papers. For each set, the table
provides brief descriptions summarizing
aspects of the procedure and indicating the
source of the data, including whether the
data came from a table or from a graph. To
extract the data from a graph, I first created
a digital picture by scanning the published
graph. Then I loaded the picture into
Microsoft PaintH and used the pixel coordi-
nates, given in the lower right corner of the
Paint window, to determine the coordinate
values of the data points and the x - and y -axis
scale values.

Recall that a distinctive feature of Figure 1
was the difference between pigeons and rats

in the slopes of the plots over the range of
reinforcer rates below about 100 reinforcers
per hour. This difference (given the logarith-
mic axes) indicates that response rate was less
sensitive for the pigeons than for the rats to
changes in reinforcer rate over that range.
One index of this sensitivity is simply the slope
(in logarithmic coordinates) of the function
relating response and reinforcer rates—that is,
as the value of a in the equation,

log Bð Þ~a log Rð Þzc ð1Þ

where B represents response rate, R represents
reinforcer rate, a is the slope (sensitivity), and
c is a constant indicating the intercept. The
value of a will be a serviceable index of sen-
sitivity to the extent that the log–log relation is
at least roughly linear. Most of the plots in
Figure 1, as well as most of those in the larger
data set, did, indeed, appear sufficiently linear
over the range of reinforcer rates below
about 300 reinforcers per hour. Accordingly,
Equation 1 was fit (Pearson’s least squares
method) to the data from each subject in the
18 data sets—in all, 22 pigeons and 70 rats.
These fits included all the response rate–
reinforcer rate pairs (including replication
values) for reinforcer rates below 350 reinforc-
ers per hour; they included none of the pairs
for reinforcer rates above 350 per hour.
(Because the functions tended to flatten as
reinforcer rate increased above about 100 per
hour, fitting the function over the range of
reinforcer rates through 350 per hour was,
again, a conservative approach in the sense of
tending to reduce differences between
pigeons and rats.)

Figure 2 shows the value of a for each
subject in the 18 data sets. Although there was
some overlap, the values of a tend to be lower
for the pigeons (left of the vertical line) than
for the rats (right of the vertical line). That is,
response rate tended to be less sensitive for
pigeons than for rats to changes in reinforcer
rate over the range examined below about
300 reinforcers per hour. Figure 3 summarizes
this difference by displaying median and
interquartile range values separately for
the pigeons and for the rats studied under
the single-schedule and multiple-schedule
procedures.

As an index of sensitivity, a can be taken as
indicating the proportion of a log unit in-
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crease in response rate that is produced by
a log unit increase in reinforcer rate. For
example, an a value of 0.1 indicates that a
one-log unit increase in reinforcer rate pro-
duces a one-tenth log unit increase in response
rate. With a base-10 log unit, a one-tenth log
unit increase is equivalent to an increase of
1.26:1 (i.e., the antilog of 0.1 5 100.1 5 1.26).
These antilog values of a, which might be
called the gain in response rate due to a tenfold
increase in reinforcer rate, can be read in
Figure 3 from the numbers on the right y axis.
For the pigeons, a tenfold increase in re-
inforcer rate produced a median 1.3-fold
increase in response rate; for the rats, it
produced a median 4.2-fold (single-schedule)
or 4.5-fold (multiple-schedule) increase in
response rate.

As Herrnstein (1970) emphasized, the sen-
sitivity of response rate to changes in re-
inforcer rate is interpretable within the
framework of his hyperbolic equation relating
response and reinforcer rates:

B~kR= RzRoð Þ ð2Þ

where, again, B and R refer, respectively, to
response and reinforcer rates; k and Ro are
curve-fitting constants, with k indicating the
maximum response rate, and Ro indicating the
reinforcer rate that will generate a response
rate that is half of its maximum value. This
function is increasing, negatively accelerated.
Thus, as reinforcer rate increases, response
rate becomes progressively less sensitive as it
approaches its asymptotic (maximum) level.
The value of Ro is relevant to sensitivity because
it determines how rapidly the response-rate
function rises toward its asymptotic level: The
lower the value of Ro, the lower the rate of
reinforcement along the x axis before the
function begins to flatten noticeably. Indeed,
once the reinforcer rate has been increased to
a value equivalent to Ro, response rate will be
half of its maximum value. Thus further
increases in reinforcer rate beyond that point
can no more than double the response rate.

Fig. 2. The values of a from the fits of Equation 1 to the data from the studies indicated. Each point represents the
value from an individual subject. Points to the left of the vertical line are from pigeons; those to the right are from rats.
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In order to obtain estimates of Ro, Equation
2 was fit to each subject’s data in the 18 data
sets. These fits were carried out with Microsoft
Excel SolverH, a nonlinear optimizing pro-
gram, set to adjust the values of k and Ro so as
to minimize the sum of squared deviations
between obtained and predicted values (resi-
duals) at each obtained reinforcer rate (see
Appendix for comments about the reliability
of these fits). For these fits, I included all the
response rate–reinforcer rate pairs (including
replication values) except for those with re-
inforcer rates above 1000 reinforcers per hour
from Baum’s (1993) study. Baum reported an
apparent discontinuity in the function—an
abrupt increase in response rate above a re-
inforcer rate of about 1000 reinforcers per
hour. This increase may be evident in some of
the plots of Baum’s data in Figure 1. (Note
that Baum’s procedure differed from the
others in the data set because of arranging
a multiple schedule with a variable-ratio
schedule in one component and a VI in the
other component; the intervals of the VI were
yoked to those obtained in the variable-ratio
component.)

Figure 4 shows the values of k and Ro for
each subject in the data set; and Figure 5 shows
median and interquartile range values, sepa-
rately for the pigeons and for the rats trained
under the single-schedule and the multiple-
schedule procedures. The values of k do not

appear to differ systematically across these
groupings. The values of Ro, however, tend to
be lower for the pigeons (median 5 4.8
reinforcers per hour) than for the rats under
both the single-schedule (median 5 45 re-
inforcers per hour) and the multiple-schedule
(median 5 114 reinforcers per hour) pro-
cedure. The median value of Ro for the rats
under the single-schedule procedure was
more than 9 times higher than that for the
pigeons.

Figure 6 is intended to highlight the relation
between Ro and the sensitivity of response rate
to changes in reinforcer rate. Response rate,
expressed as a proportion of its maximum
value (i.e., B/k), is plotted as a function of
reinforcer rate. The plots are derived from
Equation 2 (i.e., B/k 5 R/(R + Ro), with the
values of k and Ro being the median values
obtained from the pigeons and from the rats
under both the single-schedule and multiple-
schedule procedure. The upper panel plots
these functions in linear coordinates, which is
the way that these functions usually have been
plotted. The lower panel plots these functions
in coordinates that have been logarithmically
scaled to better display the effect of Ro and the
range of reinforcer rates on the sensitivity of
response rate to reinforcer rate. For reinforcer
rates below about 10 per hour and above
about 100 per hour, there is not much
difference in the sensitivity (slope) between
the median pigeon and the median rats. For
both species, below about 10 reinforcers per
hour response rate is highly sensitive to
reinforcer rate, and above about 100 per hour
it is rather insensitive. Between about 10 per
hour and 100 per hour, however, response
rate is noticeably less sensitive to reinforcer
rate for the median pigeon than for the
median rats.

It is significant, therefore, that only two
of the studies reviewed here (Dougan &
McSweeney, 1985; Zeiler, 1999) scheduled
reinforcer rates as low as a half log unit below
10 per hour (i.e., as low as 3.2 per hour), and
none scheduled reinforcer rates below 1 per
hour (Zeiler’s study being the only one to
arrange reinforcer rates as low as 1.2 per
hour). In other words, most of the studies
examined reinforcer rates primarily within the
range over which a difference in sensitivity
between pigeons and rats is particularly
evident.

Fig. 3. Median and interquartile range values of a,
calculated separately for the groupings listed along the x
axis from the data in Figure 2. The right y axis (Gain)
scales these values as the proportional increase in response
rate due to a log unit increase in reinforcer rate.
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Figure 7 shows, for each of the 18 data sets,
the median low and high reinforcer rates in
the study (i.e., the range of reinforcer rates in
the study based on medians). Also marked by
a dot on each range bar is the median Ro value
obtained from that data set. The importance
of the Ro value in relation to the reinforcer rate
range is, again, that increasing reinforcer rate
above the value specified by Ro can produce no
more than a twofold increase in response rate
because response rate is already at one half of

its maximum value. Thus, to the extent that
the dot representing Ro is toward the left end
of the range of reinforcer rates, response rate
will necessarily be rather insensitive to changes
in reinforcer rate. For all but one (Zeiler,
1999) of the data sets with pigeons, Ro is near
to or to the left of the left end of the reinforcer
rate range. Thus, for most of the studies with
pigeons, response rate could change no more
than twofold over the range of reinforcer rates
examined. (Zeiler’s study is an exception, and

Fig. 4. The values of k (top panel) and Ro (bottom panel) from the fits of Equation 2 to the data from the studies
indicated. Each point represents the value from an individual subject. Points to the left of the vertical line are from
pigeons; those to the right are from rats.
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it is revealing that the a values for his 2 pigeons
are higher than those for most of the pigeons
in the other studies.) For most of the studies
with rats, in contrast, the dot tends to be near
the middle of the range. Thus there was room
for response rate to vary more than twofold
with changes in reinforcer rate over the range
examined. In short, the low sensitivity of
response rate to reinforcer rate that is charac-
teristic of most of the data from pigeons
(Figures 1, 2, and 3) is a result of the parti-
cular range of reinforcer rates employed
in these studies combined with low values of
Ro (Figures 4 and 5). Over the commonly
examined range of reinforcer rates, the
pigeons’ response rates are usually close to
their ceiling levels (k) and are relatively
insensitive to changes in reinforcer rate.

IMPLICATIONS

This insensitivity, apparent in the data from
pigeons over a particular range of reinforcer
rates, could be problematic if it is taken as
evidence that the rate of operant behavior is
generally insensitive to quantitative variations
in the reinforcer along such dimensions as its
rate and amount—that is, to variations in what
might be called incentive and motivational
variables. In the context of Equation 2, these
variables could be represented by changes in
the effective value of R (or, more precisely, as
a scaling shift in R/Ro). Imagine, for example,
introducing some treatment—perhaps a
drug—that reduces the potency of the re-
inforcer. If the subjects are pigeons and the

Fig. 6. Response rate as a proportion of the maximum
response rate (B/k) plotted as a function of the reinforcer
rate (R) for pigeons and for the two groupings of rats. The
plots were generated from Equation 2 after dividing each
side of the equation by k—that is, B/k 5 R/(R + Ro). The k
and Ro values for these three plots are the median values
for the groupings indicated. The axes in the top panel are
linearly scaled; those in the bottom panel are logarithmi-
cally scaled. The rectangle in the bottom panel encloses
the region over the range of reinforcer rates between 10
per hour and 100 per hour.

Fig. 5. Median and interquartile range values of k (top
panel) and Ro (bottom panel) calculated separately for the
groupings listed on the x axis from the data in Figure 4.
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baseline reinforcement schedule provides
about 60 reinforcers per hour, then the
treatment will likely have little effect on
response rate even if it has a substantial effect
on reinforcer potency. With pigeons, under
typical experimental conditions, 60 reinforcers
per hour usually generate a response rate that
is in the relatively flat (insensitive) segment of
the response-rate function (Figure 6) so that
relatively large changes along the reinforce-
ment dimension generate relatively small
changes in response rate. The problematic
conclusion from these data would be that the
treatment generally has little effect on re-
sponse rate. The results and the conclusion
could well have been different if the training
schedule had provided, say, 6 reinforcers per
hour instead of 60 per hour—or if the subjects
had been rats instead of pigeons. Under those
conditions, the baseline response rate would
have been at a point on the response-rate
function (Figure 6) where the slope is steep
enough for changes along the reinforcement

dimension to produce noticeable changes in
response rate.

Morse (1966, p. 78) expressed a similar
concern in noting that ‘‘this insensitivity of
rate of responding to frequency of reinforce-
ment probably weakens our interest in the
concept of strength of responding.’’ Morse saw
the problem as procedural. That is, the
insensitivity was specific to certain experimen-
tal preparations rather than being a general
characteristic of operant response rate. Shortly
afterward, Herrnstein (1970) offered an in-
terpretation of at least one relevant feature
of these preparations. In deriving his hyper-
bolic response-rate equation (Equation 2),
Herrnstein interpreted Ro as representing the
rate of background reinforcers available in the
experimental chamber for activities other than
the measured response—that is, reinforcers,
such as odors to sniff and itches to scratch, that
are only incidentally provided by the experi-
menter. (Ro is scaled so that a unit of Ro is
equivalent in reinforcing effectiveness to a unit

Fig. 7. The range of reinforcer rates for the studies indicated (based on median low and high reinforcer rates from
the study). Studies with pigeons are shown below the horizontal line; those with rats are above the line. The solid dot on
each line indicates the median value of Ro for the corresponding data set. All reinforcer rates are obtained values except
for those from Catania and Reynolds (1968) and Zeiler (1999), which are scheduled values.
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of the scheduled reinforcer, R.) The insensi-
tivity of response rate to variations in dimen-
sions of the reinforcer resulted, Herrnstein
argued, from experimenters’ efforts to ensure
low levels of background reinforcement rela-
tive to the scheduled reinforcement:

This explains, at least partly, why for over three
decades, interesting functional relations be-
tween reinforcement and responding have
been so scarce. Experimenters have naturally
tried to make the behavior they were observing
important to the subject, and they have
probably succeeded. . . . Investigators have
made a tacit decision in favor of stability, but at
the cost of sensitivity to the independent
variable. (p. 258)1

The one additional point suggested by the
present analysis is that the procedural con-
straints have applied with greater force to
preparations with pigeons than to those with
rats. Under Herrnstein’s interpretation of Ro,
pigeons apparently obtain less alternative
reinforcement, scaled relative to the potency
of the scheduled reinforcer, in their chambers
than rats do in theirs—at least as the chambers
are typically constructed and with the depriva-
tion levels and reinforcer amounts com-
monly employed. From the perspective of
Herrnstein’s interpretation, this difference
could indicate either that the scheduled re-
inforcer typically is more potent for pigeons
than for rats (perhaps due to differences in
reinforcer magnitude or to differences in the
effective deprivation level), that the typical
experimental chamber provides a richer
source of alternative reinforcement for rats
than for pigeons, or some combination of the
two.
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APPENDIX

As a check on the reliability of the estimates
of k and Ro reported in Figures 5 and 6, I was
able to compare my estimates, generated with
Microsoft Excel SolverH, with estimates calcu-
lated by the authors of the studies (or by
a proxy) for 15 of the data sets (see Table 1
under ‘‘Compare’’). For each subject in these
data sets, I calculated a deviation score for the
two estimates of k and for the two estimates of
Ro. This deviation score is the logarithm of the
ratio of my estimate to the published esti-
mate—that is, log(k/k9) and log(Ro/Ro9),
where k and Ro are my estimates obtained with
Solver, and k9 and Ro9 are the estimates
reported in the relevant published paper. A
score of zero indicates that the two estimates
are equal (i.e., log of 1 5 0). Negative values
indicate that my estimate of the parameter is
lower than the published estimate; positive
values indicate that my estimate is higher than
the published estimate.

Figure 8 shows the cumulative frequency
distribution of these deviation scores, ranked
from lowest to highest, for both k and Ro. The
vertical dashed lines show log values of
20.0969 and +0.0969, which correspond to
ratios of 8:10 and 10:8. These values seemed
useful as markers because they correspond to
deviations from zero that are approximately
equivalent to the width of a data point in
Figure 4. Thus, as long as the deviations are in
the zone bounded by the vertical lines,
plotting the published estimates instead of
mine would shift the points in Figure 4 upward
or downward by a distance no larger than
the width of a data point. A shift that small
would have no practical effect on the conclu-
sions.

The large majority of deviations are, indeed,
well within the zone defined by the vertical
lines. Only four deviations, all estimates of Ro,
are large enough to fall outside or on the
boundary of that zone. Three of those are
from the Bradshaw, Szabadi, and Bevan (1978)
study (Rats 1, 2, and 4), and one is from
Catania and Reynolds’ (1968) study (Pigeon
3). For Bradshaw et al.’s study, the response
rates were atypically low, and the response
rates had to be extracted from scanned graphs.
For Catania and Reynolds’ study, the estimates
of k and Ro were provided by de Villiers and
Herrnstein (1976), who averaged replication
values before fitting Equation 2 and who did
not specify the fitting method. In any case,
none of those four deviations is as large as
twice the width of a data point in Figure 4. The

Fig. 8. Frequency distribution of deviations between
my estimates of k and Ro and those listed in the relevant
publications (see Table 1, ‘‘Compare’’). The vertical lines
indicate deviations approximately equal to the width of
a data point in Figure 4.
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one noticeable deviation for the estimates of
k—the point in the upper right of the plot for
k—probably is the result of an error in the
published table (McDowell & Dallery, 1999,
Rat R2). A plot of Equation 2 based on the k
value listed in the published table lies consis-

tently below data points from that rat. In short,
in the large majority of cases, my estimates
using Solver were very similar to those
reported in the published papers. None of
the deviations was large enough to affect the
conclusions.
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